Introduction
The definition of the normal basis for extensions associated to a Hopf algebra H in a category of modules over a commutative ring was introduced by Kreimer and Takeuchi in [14] . Using this notion, Doi and Takeuchi characterized in [10] H -Galois extensions with normal basis in terms of H -cleft extensions. This result can be extended for Hopf algebras living in symmetric closed categories [13] and, in [2, 3, 5] , we can find a more general formulation in the context of entwining structures, weak entwining structures, and lax entwining structures, respectively.
The objective of the present paper is to prove similar results for the same kind of extensions associated to an idempotent comonoid morphism α in a strict monoidal category C with equalizers. These extensions will be called coextended weak entwining structures and, if α is the identity, they coincide with weak entwining structures. The typical example of coextended weak entwining structure and cleft extensions in this The organization of the paper is the following. In the second section, we introduce the notion of a coextended weak entwining structure, and we obtain the main properties of these algebra structures. In particular, we find a categorical isomorphism between the category of entwining modules associated to a coextended weak entwining structure (A, D, ψ, α) and the category of entwining modules for a certain weak entwining structure obtained from (A, D, ψ, α). In Section 3, we define the notion of cleft extension for a coextended weak entwining structure, and we prove that this extension induces an example of weak crossed product in the sense of [11] . This crossed product characterizes completely the cleft extension and is the motivation for the definition of Galois extension with normal basis in this setting. Finally, in the last section, we formulate the definition of weak (D, α)-Galois extension with normal basis for a coextended weak entwining structure (A, D, ψ, α), and in Theorem 4.5 we characterize these extensions using the notion of cleftness introduced in Section 3. If the morphism α is the identity, we recover the results proved in [2] .
Coextended weak entwining structures
In what follows, (C, ⊗, K) denotes an strict monoidal category with equalizers where ⊗ is the tensor product and K the unit object. It is easy to prove that, if C admits equalizers, then every idempotent morphism splits 
If C is a braided monoidal category with braiding c and D , E are comonoids, D ⊗ E is a comonoid with counit ε D⊗E = ε D ⊗ ε E and coproduct
Finally, if A is a monoid, D is a comonoid, and f, g : D → A are morphisms, the convolution product of f and g , denoted by f * g , is defined by 
If the idempotent morphism is the identity, we obtain the notion of weak entwining structure introduced by Caenepeel and De Groot [8] as a generalization of entwining structures defined by Brzezinski and Majid [7] . Entwining structures are coextended weak entwining structures, where e = η A ⊗ ε D and α = id D . If e = η A ⊗ ε D and α ̸ = id D , we will say that (A, D, ψ, α) is a co-extended entwining structure. In this case,
and, as a consequence, the morphism
Proposition 2.2 Let (A, D, ψ, α) be a quadruple as in Definition 2.1. Then (a3) holds if and only if
and
hold.
Proof Assume that (1) and (2) hold. Then
and (a3) holds. Conversely, by (a3),
and (2) holds. On the other hand, using (2), we obtain (1) because 
Proof First, note that, by (a1), we obtain (3) because
Moreover, (4) holds because
where the first equality follows by (a1), the second by (a3), and the third and fifth by (a2); the fourth is a consequence of (3), and the last one follows because D is a comonoid.
The equality (5) follows because
where the first identity is a consequence of the unit properties, the second follows by (a1), the third relies on (a3), and the fourth relies on (a4). Finally, in the fifth equality, we used (a2). 2
Note that by (4) and (5) we obtain that
If α : D → D is an idempotent morphism of comonoids, there exist an object D α and 2 morphisms Dα . Therefore, D α is a comonoid with counit and coproduct defined by 
is a weak entwining structure. Indeed, first note that by (5) and (a1) we obtain
On the other hand, by (a2) and (5), we have
By (1) and the equality (2),
Conversely, if (A, D α , Γ) is a weak entwining structure, the quadruple (A, D, α Γ, α) , where
is a coextended weak entwining structure and, trivially, (
On the other hand,
Finally,
With Ent w co we will denote the category of coextended weak entwining structures, defined by the following.
• Objects: coextended weak entwining structures.
• Morphisms from the object (A,
′ is a comonoid morphism, and the equalities
In a similar way, we define the category of weak entwining structures, denoted by Ent w . In this case:
• Objects: weak entwining structures.
• Morphisms from the object (A, D, ψ) to the object (
′ is a comonoid morphism, and the equality (10) holds.
Obviously there exists an inclusion functor i : Ent w → Ent w co , where i((B, C, Γ)) = (B, C, Γ, id C ) for the objects, and i((f, g)) = (f, g) for the morphisms. There also exists a functor
on objects, and by
It is easy to show that i is left adjoint of F with unit defined by u (A,D,ψ,α) = (id A , p α ) and counit 
is the category of weak entwined modules introduced in [8] . In this case,
is a coextended weak entwined module, by (a1), we obtain that
is an idempotent morphism, and by (a3) we have
and by (2)
Using (a2), it is also easy to show that
is an idempotent morphism and, by (a4), we have the equality
Proof The equality (18) follows by (12) , and (19) holds because
where the first equality follows by the unit properties, the second by (12) , the third by (1) , and the fourth by the comodule condition, while the last one relies on (18). Proof Define the functors
on objects, and by the identity, on morphisms. Then, by (19), we obtain that
, and by the properties of i α , p α , the identity
Example 2.7 Weak Hopf algebras (monoids) are generalizations of Hopf algebras and were introduced by Böhm et al. in [4]. The definition is as follows:
A weak Hopf algebra H , in a symmetric monoidal category C with symmetry isomorphism c , is a monoid (H, η H , µ H ) and comonoid (H, ε H , δ H ), such that the following axioms hold:
As a consequence of this definition, a weak Hopf algebra is a Hopf algebra if and only if the morphism
δ H (coproduct) is unit-preserving (i.e. η H ⊗ η H = δ H • η H ),
or if and only if the counit is a monoid morphism
If H is a weak Hopf algebra, the antipode λ H is unique, antimultiplicative, and anticomultiplicative and leaves the unit and the counit invariant, i.e.
If we define the morphisms
it is straightforward to show that they are idempotent (see [4] ).
Let (H, H, Γ) be the triple where Γ = (H ⊗µ H )•(c H,H ⊗H)•(H ⊗δ H ). Then (H, H, Γ) is a weak entwining structure with u = Π R H . This entwining structure is a particular instance of the following: Let H be a weak Hopf algebra and let (A, ρ A ) be a monoid, which is also a right H -comodule, such that
µ A⊗H • (ρ A ⊗ ρ A ) = ρ A • µ A .
We call A a right H -comodule monoid if any of the following equivalent conditions hold:
(c1) (ρ A ⊗ H) • ρ A • η A = (A ⊗ (µ H • c H,H ) ⊗ H) • (ρ A ⊗ δ H ) • (η A ⊗ η H ), (c2) (ρ A ⊗ H) • ρ A • η A = (A ⊗ µ H ⊗ H) • (ρ A ⊗ δ H ) • (η A ⊗ η H ), (c3) (A ⊗ Π R H ) • ρ A = (µ A ⊗ H) • (A ⊗ ρ A ) • (A ⊗ η A ), (c4) (A ⊗ Π L H ) • ρ A = ((µ A • c A,A ) ⊗ H) • (A ⊗ ρ A ) • (A ⊗ η A ), (c5) (A ⊗ Π R H ) • ρ A • η A = ρ A • η A , (c6) (A ⊗ Π L H ) • ρ A • η A = ρ A • η A .
Under these conditions, (A, H,
) is a weak entwining structure,
, α) is a coextended weak entwining structure, and 
the antipode is involutory. A wide subgroupoid U of a groupoid G is a a subcategory of G, provided with a functor F : U → G that is the identity on the objects, and induces inclusions hom
U (x, y) ⊂ hom G (x, y), i.e. itσ ∈ G 1 , there exist unique σ V ∈ V 1 , σ U ∈ U 1 , such that σ = σ U • σ V .
Following the notation of [15], we denote G by U ▷◁ V , because in Theorems 2.10 and 2.15 of [15] it was proven that the notion of a groupoid with exact factorization is equivalent to the notion of a matched pair of groupoids and to the notion of a vacant double groupoid. Any groupoid G with an exact factorization U ▷◁ V induces a nontrivial example of a comonoid projection between weak Hopf algebras. Put H = RV and D = RG and define
f : H → D by f (σ) = σ and g : D → H by g(τ ) = τ V .
It is then easy to show that f is a monoid-comonoid morphism and
g • f = id H . Moreover, g
is a comonoid morphism, and it does not satisfy the condition of monoid morphism (see Example 3.3 of [12]).

Proposition 2.8 Let (A, D, ψ, α) be a coextended weak entwining structure. Let ρ
Proof The proof for this proposition is the one used in the weak entwining setting to get a similar result (see 
Proof By (12) and the module condition,
and the proof is complete. 
Cleft extensions for coextended weak entwining structures
The aim of this section is to introduce the notion of cleft extension for coextended weak entwining structures.
As a particular instance, we will obtain the definition of weak cleft extension as defined in [1] .
Proposition 3.1 Let (A, D, ψ, α) be a coextended weak entwining structure in the conditions of Proposition 2.8. Then, if h : D → A is a right D -comodule morphism for ρ D = δ D , the following identity holds:
h * e = h.(21)
Moreover, if the coaction for
Proof The equality follows by (18). If we change the coaction of D , by (2), we obtain the same equality and the last assertion follows by (19), composing with A ⊗ α in the equality
Definition 3.2 Let (A, D, ψ, α) be a coextended weak entwining structure in the conditions of Proposition
By Reg
W R α (D, A) we denote the set of morphisms h ∈ Hom C (D, A) such that there exists a morphism
h −1 ∈ Hom C (D, A) (the left weak α -inverse of h ) satisfying (h −1 * h) • α = e.(22)
First, note that (22) is equivalent to
and if α = id D we recover the set Reg W R (D, A) introduced in [1] .
On the other hand, by Reg α (D, A) we denote the set of morphisms h : D → A such that there exists a
, A). In this setting, if α = id D we recover the classical set of regular morphisms Reg(D, A).
As a consequence of this definition, if
We can then assume without loss of generality that when we choose an element 
Finally, we have that if
and equivalently
Proof Indeed:
In the last equalities, the first one follows for the entwining module condition for A , the second one by the comodule morphism condition for h, and the third one by the coassociativity of δ D . The fourth one follows A) , and the fifth one follows by (5) . The sixth equality relies on (a4), and the seventh follows by (a2). Finally, the last one follows by the counit properties.
The equality (26) follows from (25), using (24). 
We say that
holds. Note that by (2) , (5), and (24), the equality (27) can be rewritten as
Then, if α = id D , we have the notion of weak D -cleft extension introduced in [1] .
where the first equality follows by the coassociativity of δ D , the second by the definition of e , the third by (a2) and the counit properties, the fourth by (a1) and the unit properties, and, finally, the last by (28).
Therefore, we can also assume without loss of generality that
and then (27) is equivalent to
The morphism h will be called a cleaving morphism for the extension A D → A . 
satisfies the equality
As a consequence, if M = A, we have
and q
Proof The equality (31) follows by (30) because,
On the other hand, by the comodule morphism condition for h and (24), we obtain 
(iii) A D → A is a weak (D, α)-cleft extension with cleaving morphism h .
Proof Trivially (i) ⇒ (ii). If (ii) holds, we have that A D → A is a weak (D, α) -cleft extension with cleaving morphism h, because
where the first equality follows by (25), the second and the eighth by the coassociativity of δ D , and the third by (24). In the fourth equality we used the comodule morphism condition for h , and the fifth one relies on (ii).
The sixth equality is a consequence of the associativity of µ A , and the seventh follows by (33). Finally, the ninth and the tenth equalities follow by the properties of h −1 .
If (iii) holds, we obtain (i), because using that
On the other hand, by (19), we know that ( 
, as a consequence, if A ⊗ − preserves equalizers, there exists a morphism β
2)), and h α is a morphism of right D α -comodules because
and then A Dα → A is a weak D -cleft extension for (A, D α , ψ α ) with cleaving morphism h α .
Conversely, assume that (
By Proposition 2.6, the triple (A, µ A ,
where i D A is the equalizer morphism of α ϱ A and
On the other hand, if
, and then there exists a morphism π
Finally, is a coextended weak entwining structure and (
with cleaving morphism
is the weak entwining estructure associated to H , we have
α Γ, α) with cleaving morphism α l = g and
Proposition 3.8 Let (A, D, ψ, α) be a coextended weak entwining structure in the conditions of Proposition
2.8, and assume that A D → A is a weak (D, α)-cleft extension with cleaving morphism h . Then the following equality holds:
is an equalizer morphism, we obtain (36), because:
The first equality follows by (12) , the second by the properties of the equalizer morphism i D M , and the third by the module structure of M and the associativity of µ A . In the fourth, we apply (12) for A , and the last one follows by the definition of ϕ MD . 2
Proposition 3.9 Let (A, D, ψ, α) be a coextended weak entwining structure in the conditions of Proposition 2.8.
Suppose that A D → A is a weak (D, α)-cleft extension with cleaving morphism h . Define, for M ∈ M
The following assertions hold:
(ii) In particular, if we consider M = A , we have that ω A and ω
and then it is a morphism of right D -comodules. Also, ω ′ M is a morphism of right D -comodules by (19). Indeed:
On the other hand, by (18) we have
and then Ω M is idempotent.
(ii) If M = A we have
and by (20) and (36), the identities
hold. Therefore, ω A and ω 
Then b M is an isomorphism with inverse b
On the other hand, b M is a morphism of right D -comodules because:
Finally, by (36) and (20) we obtain that b A is a morphism of left A D -modules because:
Remark 3.11 Note that, in the conditions of Proposition 3.9, the morphism ω 
Proposition 3.12 In the conditions of Proposition 3.9, the morphism
Finally, if we define the morphism
, we obtain:
Proof By (5) and (a3), the proof is similar to the one used to prove Proposition 1.15 of [1] . 2
Proposition 3.13 In the conditions of Proposition 3.9, the morphism σ
where ϕ A is the morphism introduced in the previous proposition, factorizes through the equalizer i
Proof By (5), the proof is similar to the one used to prove Proposition 1.17 of [1] . 2
In the conditions of Proposition 3.9, we have that b A is an isomorphism of algebras, where the algebra structure is the one induced by b A :
In the next proposition we obtain that µ AD×D can be identified in another way as a weak crossed product (see [11] for the definition and main properties of weak crossed products).
Proposition 3.14 In the conditions of Proposition 3.9, (A
is a quadruple such that the associated idempotent morphism
is Ω A , and satisfies the twisted and cocycle condition (see Definitions 3.5 and 3.6 of [11] ).
Moreover, if m AD×D denotes the associative product induced by the quadruple
we have that m AD×D = µ AD×D , where µ AD×D is the product defined in (41).
Proof First note that, by (37) and (5),
and similarly
Then, using that ω ′ A is a morphism of left A D -modules,
and, as a consequence, σ 
is associative and m AD×D = µ AD×D because, by the left A D -module condition for ω ′ A and the associativity of Under these conditions,
. By the associativity of µ A , (12) , and the properties of η A , we have that On the other hand, it is obvious that (A,
With n A we denote the coequalizer morphism of A ⊗ φ A and φ
, we can prove that the morphism r A⊗D satisfies
and, as a consequence, there exists a unique morphism (called the canonical morphism)
On the other hand, γ A is a morphism of right D -comodules, where
, and 
, where α Γ is the morphism defined in (9) .
holds. Let A□D α be the image of ∆ (4) and (5) it is easy to show that
where r α A⊗Dα is the lifted canonical morphism associated to t 
is a coequalizer diagram. Then the existence of the isomorphism β A : A D → A Dα satisfying (34) implies that there exists a unique isomorphism d 
and this implies that γ 
is a coequalizer diagram. Then the existence of the isomorphism π A : A Dα → A D satisfying (35) implies that there exists a unique isomorphism [2] for weak Galois extensions associated to a weak entwining structure (A, D, ψ) . 
Note that, if α = id D , we can recall the definition of weak D -Galois extension with normal basis introduced in
In the previous calculus, the first equality follows by (34), the second one is a consequence of the left A D -module condition for g A , and the third one relies on the same condition for Π A . In the fourth one we used that β A is a monoid morphism, and the fifth one follows because Π α A is a morphism of left A Dα -modules. Finally, the last equality follows by definition.
Moreover, g α A is a morphism of right D α -comodules. Indeed:
The first and fifth equalities follow by the definitions, the second one follows because g A is a morphism of right D -comodules, in the third one we use that Π A is a morphism of right D -comodules, and the fourth one relies on the right D α -comodule condition for Π 
